Abstract. Let M = 2 w , and G M = {1, 3, ..., M − 1}. A sequence {yn}, yn ∈ G M , is obtained by the formula y n+1 ≡ ay n + b + cyn mod M. The sequence {xn}, xn = yn/M, is a sequence of pseudorandom numbers of the maximal period length M/2 if and only if a + c ≡ 1 (mod 4), b ≡ 2 (mod 4). In this note, the uniformity is investigated by the 2-dimensional serial test for the sequence. We follow closely the method of papers by Eichenauer-Herrmann and Niederreiter.
Introduction
For generating uniform pseudorandom numbers (denoted as PRN) in the interval I = [0, 1), the linear congruential methods are commonly used. Recently several nonlinear methods, especially the inversive congruential one, were proposed and investigated. For a modulus M, let
In the linear method, a sequence {y n } in Z M is generated by For any u ∈ G M , there is a unique u ∈ G M such that uu ≡ 1 mod M. Now a sequence {y n } in G M is generated by the inversive recursion formula
in which a, b ∈ Z M are chosen so that y n ∈ G M implies y n+1 ∈ G M . In a previous note we have proposed another nonlinear method which is given by the following formula, with the modulus M = 2 w ,
in which a, b, c ∈ Z M should be such that y n ∈ G M implies y n+1 ∈ G M . The PRN {x n } is defined by (1.2). In [7] , we proved the following Theorem A, which shows that the modified inversive method (1.4) bears close resemblance to (1.3):
) is purely periodic with period M/2 if and only if
a + c ≡ 1 (mod 4) and b ≡ 2 (mod 4). Now we will study the behavior of these PRN under the 2-dimensional serial test. That is, we will estimate the discrepancy of the PRN. For a dimension k 2 and for N arbitrary points t 0 , t 1 , ..., t N −1 ∈ [0, 1) k we define the discrepancy
where the supremum is extended over all subintervals
times the number of terms among t 0 , t 1 , ..., t N −1 falling into J, and V (J) denotes the k-dimensional volume of J. If {x n } is a sequence of PRN in [0, 1) with period p, then we consider the points 
If c is even, there are more than A(r)M/8 values of a ∈ Z M such that a + c ≡ 1 mod 4, and for any b ∈ Z M with b ≡ 2 mod 4, we have 
Our proofs of Theorems 1 and 2 are almost the same as in [9, Theorem 2] , [6, Theorems 1-2], respectively. The lattice structure of the sequence generated by (1.4) will be studied in another paper.
Proof of Theorem 1
We closely follow the method in [9, p.141 
and
For real s we write e(s) = e 2πis . For x, y ∈ R k , x · y denotes the inner product. We put, for integers u, v,
in which n ∈ G m denotes the number such that nn ≡ 1 (mod m). This sum has the following properties [12, 9] :
where in (2.2) and (2.3) we assume that f 2. Further (see [9, p.140 
otherwise.
For f 6, we have 
For f 6 and r odd, we have
and for f 3 we have
Lemma 2.1 yields
, 
where the last sum is extended over all h =(
We divide the proof into two cases (I) and (II): (I) c is an even number, hence a is odd. In this case, (2.3) and (2.1) yield
Thus we obtain (2.12)
M) .
For 0 d w − 6, we use (2.7) to get (2.13)
with the sum over odd numbers
Thus we have
Together with (2.8) and (2.9), this yields 
with K = 2/{(2 3/2 − 1)π 2 }. For d = w − 5, we get from (2.6) and (2.13)
in which we note that, in the second sum, We always assume that both
by (2.2), since r 1 is odd and r 2 is even. If
by Lemma 2.2. Since 3 w − d t + 1, we have
Hence,
in which the second term does not appear if t = 1.
We define s and r 1 , r 2 as above. Obviously, s t, hence w − d − 1 − s 1. Thus one of r 1 or r 2 must be odd. If one of r 1 or r 2 is even,
Hence both r 1 and r 2 must be odd, which implies s = t. Let d w − t − 6. We argue as in the case d w − 6 of (I), with w − t instead of w; we obtain 
For d = w − t − 5, we have as in [9, p.142] , with r 1 and r 2 as above,
Similarly, using (2.4), (2.5), we get 
Thus, the desired result follows from (2.10).
Proof of Theorem 2
The proof is almost the same as in [6] . When c is an even number. Calculating as in [6, p.778 ], putting h = (1, 1, 0, ..., 0) , we have 
